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Let n be a positive integer, and let Pj^ be the class of all polynomials of degree n,
f(x) = a^jx" + a • • • + a^x + aQ, (1)
whose coefiBcients, a|^ (k = 0, 1, • • •, n), are independent random variables each ofwhich
is either +1 or -1 with equal probability. Then the number, N = N(f), of real zeros of f(x)
is a random variable [l,Cor. 2.1, p.28](a zero ofmultiplicity m is counted as m zeros); in
this thesis we will determine the mean, Vj^, and the standard deviation, of that random
variable when n = 7 and n = 8. The results are summarized in Table 1. The cases when
n = 1, 2, • • •, 6 were studied in Houston's thesis [5].
The methods employed in this paper are similar to the methods used by Houston, but
several new ideas are required. In Chapter 2, we will exhibit some general principles that
we will find helpful. Most of these general principles were used by Houston[5]. We will
also state and prove a few new theorems that determine the number of real zeros of
polynomials belonging to certain subsets of Pj^. These theorems are valid for arbitrary n,
and reduce the labor of calculating because all the polynomials in a given subset can be
handled simultaneously, instead of individually.
Chapter 3 will contain a preliminary analysis which will explain certain transformations
that leave the class P^^ invariant, as well as notations used to describe the results presented
in the subsequent chapters. In Chapter 4 we will state and prove the new theorems that
determine the number of real zeros of polynomials belonging to certain subsets of Pj^. In
Chapters 5 and 6 we will discuss the cases when n = 7 and 8 respectively.
1
The study of real zeros of random polynomials has a long history. For our particular
class of random polynomials, that history has been summarized by Houston[5]. We wish
to mention here only the work of Booth [2], who performed numerical calculations for
the case when n = 8, and the work of Fairley[4], who performed numerical computations
for the cases when n = 1, 2, • • •, 10. When n = 7, Fairley asserted that all polynomials in
P'7 had either one or three real zeros. We have, however, discovered the polynomial, +
- x^ - + X + 1 = (x - l)^(x + l)^(x^ +1), that obviously has five real zeros.
Therefore, Fairley's assertion is incorrect. Except for this polynomial, our analytically
obtained results agree with the numerical results ofBooth and ofFairley.
TABLE 1
Means and Standard Deviations of the Number
ofReal Zeros of the Polynomials













In this chapter we record a number of general principles which we will find useful in
determining the number of real zeros of polynomials in Pjj. These general principles will
be cited as GPj in Chapters 5 and 6.
The proofs of the first five general principles can be found in Houston [5], Let us
suppose that a and b are real numbers such that a < b, and that a zero ofmultiplicity m is
counted as m zeros. Then the following general principles apply:
1. IfA > 0, then the quadratic polynomial Ax^ + Bx + C is positive for all real values
ofX if and only if - 4AC < 0. This principle will occasionally be applied when x is
replaced by a power ofx.
2. Ifg(x) is a polynomial with real coeflBcients, and ifg(a)g(b) < 0, then g(x) has an odd
number of zeros in (a,b).
3. Ifg(x) is a polynomial with real coefficients, and ifg(x) has m zeros in (a,b), then g'(x)
has at least m - 1 zeros in (a,b).
4. If the hypotheses ofGP2 hold, and if g'(x) vanishes at most once in (a,b), then g(x) has
exactly one zero in [a,b].
5. If g(x) is a polynomial with real coefficients, and if g"(x) > 0 on (a,b), then g(x) has at
most two zeros in [a,b].
6. (Descartes' Rule of Signs [3, p.77]) The number ofpositive zeros of a polynomial with
real coefficients is either equal to the number, V, ofvariations of sign of its sequence of
coefficients or is less than V by a positive even integer.
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7. (Taylor's Theorem [6, p.668-9]) If F(x) has n + 1 continuous derivatives on an interval
I containing a constant c, then for each x in I there exists a number z, strictly between x
and c, such that
F(x) = F(c)/0! + F '(c)(x - c)/l! + F "(c)(x - c)2/2! + • • • + F (")(c)(x - cf/n\




The preliminary analysis used here has been taken directly from Houston [5] because
we find it quite useful. Although there are 2”"^^ polynomials in the class Pj^, the labor of
determining the mean value of N(f) could be substantially reduced ifwe could find a
transformation T of (i.e., a one-to-one mapping of Pj^ onto Pj^) such that f and Tf
have the same number of real zeros. It would then be unnecessary to consider both f and
Tf One such transformation replaces f(x) by -f(x). We can therefore confine our
attention to the subset of Pjj for which = 1 • Another useful transformation replaces
f(x) by (-l)^-x). This transformation leaves a^^ invariant but changes ajj_j to We
can therefore further confine our attention to the subset of Pj^ for which aj^ = 1, a^^, j
= 1. Because there are 2^"^ polynomials in Qj^, these transformations have reduced our
labor by a factor of 4.
There are four other transformations, Tj (j = 1, 2, 3, 4), of P^^, listed in Table 2 below,
that do not change the number of real zeros. (It is necessary to observe that f(0) = aQ, and
that aQ is not equal to 0, in order to justify this statement.)
Although none ofthese transformations maps into itself^ it is clear that if Tj is
applied to the subset Qj^j of Qj^ defined by the conditions in the third colunrn of Table 2,
the result is a subset ofQjj. Because Qj^ is the union of the subsets Q^^j, the
transformation T', defined to be Tj on Q^y, is a transformation of Unfortunately, we
cannot use T' to reduce our labor an additional factor of 2, because there are polynomials
f(x) in Qjj such that T' f = f For example, the polynomial x^ + x^ + x + 1 in Q3 is
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unchanged by T' = Tj. Nevertheless, T' f is not equal to f for most of the polynomials in
Qjj, andN(T'f) =N(f).
TABLE 2




T1 x*4(l/x) ai= l;ao=l
T2 -x^l/x) ai=-l;aQ = -l
T3 x^-l/x) ai =-l; aQ= 1
T4 -x^-l/x) ai-l;ao = -l
Chapters 5 and 6 will consist of a set of numbered paragraphs, each devoted to a
particular polynomial. The first line of each paragraph has the following structure:
paragraph number; polynomial specification as a finite sequence of signs; paragraph
number for the T' transform ofpolynomial; number N of real zeros; Theorem number (if
used) or an asterisk (ifused).
An explanation of the computation of the value of N will follow immediately when
necessary, i.e., when the paragraph number for the T' transform is not less than the
current paragraph number. Otherwise the value of N is copied directly fi'om the
paragraph for the T' transform. In certain exceptional situations the asterisk is used to
indicate that the paragraph number for the T' transform is greater than the current
paragraph number, and that the value of N is determined later. Also, for some
paragraphs, a Theorem number will be given so that explicit computation of N is not
required. In each paragraph where analysis is provided, the notations N^(g) and N~(g)
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are used for the numbers of positive and negative zeros of a real polynomial g. It is
obvious that N(f) = N’^(f) + N"(f) when f is a polynomial in Qj^. Each chapter closes with
a table which shows the distribution of the number of polynomials with respect to the





We will now state and prove the following theorems that will enable us to count the
number of real zeros of certain subsets ofQj^.
THEOREM 1. Iff(x) is in and^ is a real zero off(x), then either
-2 <4'< -1/2 or 1/2 «;< 2^^^.
If f(x) is in Qjj and x> 0, then f(x) > x^'^(x + 1) - (x*^'^ + • • • + x+ 1) = {(x^"^(x^ -
2) + 1 }/(x - 1). It follows that f(x) > 0 when x If f(x) is in and x < 0, then
(-I)'^x) > (-x)” - {(-x)”"^ + + • • • + 1 }= {(-x)*^(x + 2) - 1 }/(x + 1). It follows
that (-l)°f(x) > 0 when x < -2. If f(x) is in Pj^ and x is arbitrary (real or complex), then
laQf(x)| > 1 - jxj - Ixp - • • • - [xj*^ = (1 - 2|x| + lx|^''’^)/(l - |x|). It follows that |f(x)| > 0
when [xj <1/2. The proof ofTheorem 1 is now complete.
THEOREM 2. Ifn is odd and if the odd indexed coefficients are positive, i.e.,
= 1 0 = 0, I,--- ,(n-l)/2), then N(0 = L
Consider the polynomial (1). Because n is odd there exists a nonnegative integer k
such that n = 2k + 1. Now consider the derivative,
f'(x) = najjX°‘^ + a jj_j(n-l)x^"^+ • • • + a^.
We can write 2j+l = j + 0+1), and then
f'(x) = (k+l)x^^ + { kx^^ + a2jj2kx^^“^ +kx^^"^ }
+ {(k-l)x2k-2 + a2k.2(2k-2)x2k-3 +(k-l)x2k-4 }
+ {(k-2)x21^-4 + a2k^(2k-4)x21^-5 +(k-2)x2k-6 } + • • •
= (k+l)x^^ + kx^^‘'^(x^ + 2a2jjX + 1) + (k-l)x^^“^(x^ + 2a2j^.2X + 1) + • • •
= (k+l)x^^ + kx^^‘^( X + + (k-l)x^^‘^( X + a2j^.2)^ + ’ ’ ' > 0,
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because 021^^ = 1, a2jj._2^ =1, ‘ . Because f(-“)= (-l)”(+o°) = when n is odd, and
f(+oo) = +00, and because f(x) does not vanish in it follows from GP4 that f(x)
has exactly one real zero.
THEOREM 3. Ifn is even and if the even indexed coefficients are positive, i.e.,
a2j == I 0 ^ 0, 1, - • •. n /2), then N(f) = 0.
Because n is even we see that
2 f(x) = x®"^(2x^ + 2a jj_|X + 1) + x^'^(x^ + 2a jj_3X + 1) + • • • + (x^ + 2ajx + 2),
so that GPl implies that f(x) > 0. Therefore, N(f) = 0.
THEOREM 4. If -I yvhenj = 0, ■ ,p - 1 andaj = I whenj =p,'' \n, then
N(f) = 2 when n is even andN(f) = I or 3 when n is odd andp is odd or even,
respectively.
Because f(x) = x” + x^"^ + • • -1- xP - xP"^ - xP"^ - • - x -1, it follows from GP6
that N'*’(f) = 1. Moreover, N"(f) = N"{(x-l)f} = N"(x”'*'^ - 2xP + 1 }= N''’(g) in which g(t)
= t"'^^ + 2(-l)^+PtP + and t = -x. If n is even, then g = t""^! + 2(-l)PtP -1; GP6
implies that N'^(g) = 1. Therefore, N(f) = 2. Ifn is odd, then g = + 2(-l)P'''^tP + 1.
Ifp is even, then N'*’(g) = 0 or 2 (GP6). Observe that g(l) = 0. Therefore, N''’(g) = 2 and
N(f) = 3. If p is odd, then N‘'’(g) = 0 (GP6); so N(f) = 1.
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Chapter 5
The CaseWhen n =7
1. (+ + + + + ++ +);l;l;Th.2.
2. (+ + + + + + + -);37;l;Th.2.
3. (+ + + + + + -+);28;1;*.
4. (+ + + + +- + +);7;l;Th.2.
5. (+ + + + -+ + +);6;1;*.
6. (+ + 4-- + + + +);5;l;Th.2.
7. (+ + - + + + + +);4; 1.
8. (+ + + + + + --);64;3;Th.4.
9. (+ + + + + - + -); 14;l;Th.2.
10. (+ + + + - + + -);56;3.
We observe that f(x) = (x + l){x^ + x'^-x^ + 2x- 1}. GP6 applied to the second
factor shows that N’*'(f) is either 1 or 3. If N''’(f) = 3, then it follows from GP3 that
N'^(f") > 1. But f "(x) = x^(42x^ + 30x + 20) + (12x^- 6x + 2) > 0 when x > 0 (GPl).
Therefore, N'*'(f) = 1. Moreover, N‘(f) = 1+ N"(x^ + x*^ - x^ + 2x - 1) = 1 + N^(t^ +1^
-1^ - 2t -1) = 2 by virtue ofGP6. Therefore, N(f) = 3.
11. (+ + + - + + + -);16;l;Th.2.
12. (+ + - + + + + -);54;3.
We observe that f'(x) = 7x^ + x^(6x^ - 5x + 4) + (3x^ + 2x + 1) > 0 when x > 0
(GPl). Because f(0) = -1 and ^+“) = +^, it now follows from GP4 that N^(f) = 1.
Moreover, f(x) = (x + l){x^ - x^ + 2x^ - x^ + 2x -1}, so that N”(f) = 1 + N"(x^ - x^
+ 2x^- x2 + 2x - 1) = 1 + N^(t^-1"^- 2t^-1^ - 2t - 1) = 2 (GP6). Therefore, N(f) = 3.
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13. (+ + + + +--+);51;1.
We observe that f(x) = (x + l){x^(x^ + l) + (x-1)^}, and that the second factor is
positive for all real x. Therefore, N(f) = 1.
14. (+ + + + - + - +);9;1.
15. (+ + + - + + -+);49;1.
We observe that f(x) = (x + l){x^ + (x^ + l)(x - 1)^ + x^}, and that the second factor
is positive for all real x. Therefore, N(f) = 1.
16. (+ + - + + + - +);11;1.
17. (+ + + + -- + +);22;1.
We observe that f(x) = (x + l){x^ + (x^)^ - (x^) + 1}, and that the second factor is
positive for all real x (GPl). Therefore, N(f) = 1.
18. (+ + + - +- + +);21;l;Th.2.
19. (+ + - + +- + +);19;3.
We observe that f(x) = (x + l)v(x), in which v(x) = {x^ - x'^ + 2x^ - x^ + 1}. When
X > 1, v(x) = x'^(x^ -1) + x^ + x^(x -1) + 1 > 0, and when 0 < x < 1, v(x) = x^v(l/x) >
0. Therefore, N**’(v) = 0 and N'^(f) = 0. Moreover, ISr(v) < 2 (GP6), and v(-“) =
v(-l) = -2, v(0) = 1, so that N"(v) > 2 (GP2). Therefore, N”(v) = 2, so that N"(f) = 3 and
N(f) = 3.20.(+ + + -- + + +);20;l.
We observe that f(x) = (x + l){x^ + x^ - 2x^ + x^ + l} = (x+ l){x^ + x^(x -1)^
+ 1}, and that the second factor is positive for all real x. Therefore, N(f) = 1.
21. (+ + - + - + + +);18;1.
22. (+ + -- + + + +);17;1.
23. (+ + + + +---);58;l;Th.4.
24. (+ + + + - +--);59;3.
We know that N'^(f) is either 1 or 3 (GP6). Now f "(x) = x^(42x2 + 30x + 20)
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+ (12x2.6x + 2) > 0, when x > 0 (GPl). HenceN^(f) < 2 (GPS), so N'^(f) = 1.
Moreover, N"(f) =N‘{(x-l)f}= N''’(g), in which g(t) = - 2t'^ - 21^ - 21^ + 1. Hence
N'^(g) < 2 (GP6). We note that g(+«>) = +«., g(l) = -4, g(0) = 1, so that N'^(g) > 2
(GP2). Therefore, N'^(g) = 2, N'(f) = 2, and N(f) = 3.
25. (+ + + - + + - -);60;1.
We know that N^(f) is either 1 or 3 (GP6). Now f "(x) = 42x^ + 30x4 + x(20x2 - 12x
+ 6) + 2 > 0, when x > 0 (G PI). Thus, N‘^(f) < 2 (GPS). So N‘^(f) = 1. Because
(x - l)f(x) = x^- 2x^+ (2x4- 2x2 + i) > q when x < 0, (GPl), we see that N"(f) =
N"{(x -l)f} = 0. Therefore, N(f) = 1.
26. (+ + - + + + - -);61;3.
We know that N^(f) is either 1 or 3 (GP6). Now f "(x) = 42x^+ x2(30x2- 20x + 12)
+ 6x + 2 > 0, when x > 0 (GPl). Thus, N^(f) < 2 (GPS). So N^(f) = 1. Moreover, N”(f)
=N'{(x-l)f}= N'^(g), in which g(t) = t^- 21^- 2t^- 21^ + 1. Thus, N+(g) < 2 (GP6). Note
that g(+«) = +«», g(l) = -2, g(0) = 1, so that N'*'(g) > 2 (GP2). Therefore, N"''(g) = 2,
N'(f) = 2, and N(f) = 3.
27. (+ + + + ---i--);36;l.
We observe that f'(x) = (7x4 + 6x^ + 5x^ + 4x - 3)x^ - 2x + 1. Ifx > 1/2, then
f'(x) > (23/16)x^- 2x + 1 > 0 (GPl). Because f(l/2) < 0 and f(+«>) = +“, we conclude
from GP4 and Th. 1 that N^(f) = 1. Moreover, N~(f) = N”{(x - l)f}= N'^(g), in which g(t)
= t^ - 2t4 + 2t^ + 2t + 1 = (t4 -1)^ + 2t^ + 2t >0 when t > 0. Therefore, N''’(g) = 0,
N~(f) = 0, andN(f)= 1.
28. (+ + + - + -+ -);3;l;Th.2.
29. (+ + - + + - + -);33;1.
We observe that f'(x) = 7x^ + x^(6x^ - 5x + 4) + (3x^- 2x + 1) > 0 when x > 0 (GPl),
that f (0) = -1 and that f(«>) = ®. It follows from GP4 that N^(f) = 1. Moreover, GPl
shows that F(t) = -f(-t) = t^ + t(l +1 + t^)^(l - t)+l>0if0<t<l. Observe that F(l)
= 2, F '(t) = 7t^ - 6t^ - 5t4 - 4t^ + + 2t + 1, F '(1) = -2, F "(t) = 42t^ - 30t4 - 20t^ -
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12t^ + 6t + 2, F "(1) = -12, F "'(t) = 2101^^ - 120t^- 60t^- 24t + 6, F '"(1) = 12, F(^^)(t) =
840p - 360t^- 120t - 24 > 336 when t > 1. By virtue ofGP7, F(t) > 2 - 2s - 6s^ + 2s^
+ Hs'^, in which s = t - 1. This implies that F(t) > 14(s^ - 1/4)^ + (s - 1)^ + 2s^ + 1/8 > 0
when s > 0. Therefore, N'^(F) = 0, N”(f) = 0, and N(f) = 1.
30. (+ + + -- + + -);38;1.
We observe that f(0) = -1 and f(+”) = +«>. Now because f'(x) = 7x^ + x(6x'^- 4x^
+ 2) + (5x^- 3x^ +1) > 0 when x > 0 (GPl), we infer from GP4 that N^(f) = 1. We also
observe that f(x) = x^+ x(x + l)(x‘^- x^+l)-l<0 when -1 < x < O(GPl), and that f(x) =
{x^ + x^(x - 1)^ +1 }(x + 1) - 2 < 0 when x < -1. Hence, N"(f) = 0 and N(f) = 1.
31. (+ + - + - + + -);63;3.
We observe that f'(x) = 6x^ + x^(7x^ - 5x^ + 1 ) + x(4x^ -4x + 2) + l>0 when
X > 0 (GPl). Thus >1^(1) = 1 (GP4) because f(0) = -1 and = +~. Moreover, N"(f) =
N'{(x-l)f) = N'^(g), in which g(t) = t*- 2t^- 2t^- 2t4- 2t^+ 2t + 1. Thus, N'^(g) < 2
(GP6). Because g(+«>) = +«, g(l) = -4, g(0) = 1, it follows from GP2 that (g) > 2.
Therefore, N'^(g) = 2, N-(f) = 2, andN(f) = 3.
32. (+ + -- + + + -);35;1.
We observe that f'(x) = x^(7x^- 5x^ + 3 ) + x( 6x^- 4x^ + 2 ) + 1 > 0 when x > 0
(GPl). Because f(0) = -1 and f(«) = «>, we infer from GP4 that N^(f) = 1. Moreover,
f(x) = {x^(x^- x^ + 1) + 1 }(x + 1) - 2 < 0 when x < -1 (GPl), and f(x) = x^(x^- x^ + 1)
+ x‘^(x^-1) + x(x + 1) -1 < 0 when -1 < x < 0 (GPl). Therefore, f(x) < 0 when -“ < x <
0, N‘(f) = 0, and N(f) = 1.
33. (+ + + + ---+);29;1.
34. (+ + + - + -- +);62;1.
We observe that f(l/2) = 47/128, f'(1/2) = -73/64, and f "(x) > 59/16 when x > 1/2.
It then follows from GP7 that f(x) > (1/128){47 - 146(x - 1/2) + 236(x - l/2)^}when
x > 1/2. Therefore, f(x) >0 when x >1/2 (GPl). Because f(x) > 0 when 0 < x < 1/2
(Th. 1), we see that N"^(f) = 0. Moreover, N"(f) =N'Kx - l)f)= N'^(t^ + 2t^ + 2t^ + 2p
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- 2t - 1) = 1 (GP6). Therefore, N(f) = 1.
35. (+ + - + + --+);32;1.
36. (+ + + -- + -+);27;1.
37. (+ + - + -+ -+);2;1.
38. (+ + -- + + -+);30;1.
39. (+ + + --- + +);42;1;*.
40. (+ + - + --+ +);41;1.
We observe that f(x) = x^(x^- x^ + 1) + (x^-1)^ + x^(x^ - 1) + x > 0 when x >1
(GPl), and that f(x) = x^(x + 1) + x^(l - x) + (1 - x)(x + 1)^ > 0 when -1 < x < 1. Thus,
f(x) > 0 when x > -1. We next observe that f'"(x) = 6(x + l)(35x^ - 15x^ + 5x -1) > 0
when X < -1, and that f(-«>) = +«>, f'(-1) “ "S- It then follows from GP2 and GPS that
f'(x) has exactly one zero on (-<»,-l). Because !(-«>) = f (-1) = 2, we conclude from
GP4 that f(x) has exactly one zero on (-<»,-l). Therefore, N(f) = 1.
41. (+ + -- + - + +);40;1.
42. (+ + --- + + +);39;1.
We observe that f(x) = (1 - x^)(x^ + x + 1) + x^+ x^ > 0 when 0 < x < 1, and that
f'(x) = (7x^ + 6x^- 5x^- 4x - 3)x^ + 2x+l>x^ + 2x+l>0 when x >1. So f(x) > f(l)
= 2 when x >1. Therefore, f(x) > 0 when x > 0 and N^(f) = 0. Moreover, ]Sr(f) =
N-{(x-l)f)}= N^(t^ - 2t^- 2p-1) = 1 by virtue of GP6. Therefore, N(f) = 1.
43. (+ + + + );43;3;Th.4.
In this particular case, it is probably easier to infer that N(f) = 3 from the identity, f(x)
= (x^ + l)^(x + l)^(x -1).
44. (+ + + - +---);44;1.
We observe that f(x) = (x - l){x^ + 2x^ + 3x^ + 2x^ + 3x^ + 2x + 1 }= (x - l){(x^
+ l)(x + 1)^ + 2x^(x^ + X + l)}and use GPl to see that N(f) = 1.
45. (+ + - + + );46;3.
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We observe that f(x) = (x^ - l)v(x), in which v(x) = x^ + x'^ + 2x^ + x + 1. It is
obvious that N'^(v) = 0. Hence, N'^(f) = 1. Moreover, N”(v) = N"{(x - l)v}= N''’(t^ -1^
- 2t^ - ? -1) = 1 (GP6). Therefore, hTCf) = 2 and N(f) = 3.
46. (+ + + -- + --);45;3.
47. (+ + - + - + --);47;3.
We observe that f(x) = (x - l)v(x), in which v(x) = x^ + 2x^ + x^ + 2x^+ x^ + 2x + 1.
It is obvious that N^(v) = 0, so N'*’(f) = 1. Moreover, N~(f) = N^(t^-1^-1^-1^ -1^-1^-1
+1). So 1^(1) is either 0 or 2(GP6). But N"(f) > 2 because f(-l) = 4 and f(0) =
-1 (GP2). Therefore, N-(f) = 2 and N(f) = 3.
48. (+ + -- + + --);48;3.
We observe that f(x) = (x^+l)(x^ + x^- x - 1) = (x^ + l)(x + l)^(x - 1). Clearly, N(f)
= 3.
49. (+ + + --- + -);15;1.
50. (+ + - + -- + -);53;3.
We observe that f(x) = (x^ - l)v(x), in which v(x) = x^ + x^ + (2x^- x + 1). It follows
from GPl that N"'’(v) = 0. Moreover, GP6 impUes that N‘(v') = 1. Because v(-«>)= -<»
and v(0) = 1, we conclude from GP4 that N"(v) = 1. Therefore, N(v) = 1 and N(f) = 3.
51. (+ + -- + -+ -);13;1.
52. (+ + --- + + -);55;3.
We observe that f(x) = (x^ - l)v(x), in which v(x) = x^ + x^- x + 1. Then v(x) = x^
+ x(x^- l)+l>0ifx>l and v(x) = x^+x^ + (l-x)>0if0<x<l. Therefore, v(x) >
0 ifX > 0, and N'*'(f) = 1. Moreover, it follows from GP6 that N~(v) = 1, so that N"(f) = 2
andN(f) = 3.
53. (+ + + +);50;3.
54. (+ + - + ---+);12;3.
55. (+ + -- + --+);52;3.
56. (+ + --- + -+);10;3.
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57. (+ + + +);57;5.
We observe that f(x) = (x^- l)(x^ + x^ - x - 1) = (x^ + l)(x + l)^(x - 1)^. Clearly,
N(f) = 5. We thus see that Fairley’s assertion, that all polynomials in P'7 have no more
than three real zeros, is incorrect.
58. (+ + + );23;1.
59. (+ + - + );24;3.
60. (+ + -- + ---);25;1.
61. (+ + .-. + .-);26;3.
62. (+ + + -);34;1.
63. (+ + +);31;3.
64. (+ + );8;3.
TABLE 3
Distribution of the Number of
Real Zeros When n = 7
Number of Real Number ofPolynomials





Thus, V7 = 7/4 = 1.75 and 07 = 17^^^74 = 1.030776.
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Chapter 6
The Case When n = 8
!.(+ + + + + + + + +); l;0;Th.3.
2. (+ + + + + + + + - );79;2;Th.4.
3. (+ + + + + + + - +);50;0;Th.3.
4. (+ + + + + + - + +);8;2.
We observe that f(x) = x^(x^ + x + 0.5) + x^(0.5x^ + x + 1) + x(x^ - x+l) + l>0
when X > 0 (GPl). Thus N'^(f) = 0. Moreover, N"(f) = N‘{(x-l)f} = N''’(g), in which g(t)
= t^ - 2t^ - 2t^ + 1. So GP6 implies that N'^(g) < 2. Because g(0) = 1, g(l) = -2 and
g(-i-oo) = +«>^ it follows from GP2 that N^(g) > 2. Therefore, N''’(g) = 2, N~(f) = 2 and
N(f) = 2.
5. (+ + + + + - + + +);7;0;Th.3.
6. (+ + + + - + + + +);6;2.
We observe that f(x) = x^(x^ + x + 1) + x^(x^ - x + 1) + (x^ + x + 1) > 0 when x > 0
(GPl). Thus N'*’(f) = 0. Moreover, N~(f)= N~{(x-l)f}= N'^(g), in which g(t) = t^ - 2t^
- 2t^ +1. So GP6 implies that N'^(g) < 2. Because g(0) = 1, g(l) = - 2, g(+«>) = +“, it
follows from GP2 that N'^(g) > 2. Therefore, N’^(g) = 2, N"(f) = 2, and N(f) = 2.
7. (+ + + . + + + + +);5;0.
8. (+ + - + + + + + +);4;2.
9. (+ + + + + + + - -);128;2;Th.4.10.(+ + + + + + - + -);36;2.
Because f(0) = -1, f'(+”) = and f'(x) = 8x^ + 7x^ + 6x^ + 5x^ + 4x^ + (3x^ -
2x + 1) > 0 when x > 0 (GPl), it follows from GP4 that N^(f) = 1. Moreover, N”(f) =
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N-{(x-l)f} = N+{t^ - 2t^ - 2t2 - 2t -1 }= 1 (GP6). Therefore, N(f) = 2.11.(+ + + + +- + + -);! 13;2.
Because f "(x) = x^(56x^ + 42x + 15) + x^(15x^ + 20x + 7) + (5x^ - 6x + 2) > 0 for
real values of x (GPl), it follows from GPS that N(f) < 2. Because = +«>, f(0) = -1
and = +«, it follows from GP2 that N(f) > 2. Therefore, N(f) = 2.12.(+ + + + - + + + -);38;2.
Because f "(x) = x'^(56x^ + 42x + 30) + x(20x^ - 12x + 6) + 2 > 0 when x > 0 (GPl),
it follows from GPS that N''’(f) < 2. Because f(0) = -1 and f(+<») = +«>, N'''(f) is odd
(GP2). Hence N+(f) = 1. Moreover, N-Cf) =N-{(x-l)f} = N+{t9 - 2t^ - 2t'^ - 2t - 1}= 1
(GP6). Therefore, N(f) = 2.13.(+ + +- + + + + -);! 11;2.
Because f "(x) = x^(56x^ + 42x + 15) + x^(15x^ - 20x + 7) + (5x^ - 6x + 2) > 0 for
real values ofx (GPl), it follows from GPS that N(f) < 2. Because f(-«>) = +<», f(0) = -1
and f(+“) = it follows from GP2 that N(f) > 2. Therefore, N(f) = 2.14.(+ + - + + + + + -);43;2.
Because f "(x) = 56x^ + x^(42x^ - 30x + 20) + (12x^ + 6x + 2) > 0 when x > 0 (GPl),
it follows from GPS that N'*’(f) < 2. Because f(0) = -1 and f(+°°) = +«’, it follows from
GP2 that N''’(f) is odd. Hence, N''’(f) = 1. Moreover, N"(f) = ]Sr{(x-l)f}= N'*'{t^ - 2t^
- 2t^ - 2t - 1 }= 1 (GP6). Therefore, N(f) = 2.15.(+ + + + + + --+);93;0.
Because f(x) = x^(x^ + x + 0.5) + x^(0.5x^ + x + 1) + (x + l)(x - 1)^ > 0 when x > -1
(GPl), we see that N'*’(f) = 0. Moreover, N"(f) =N"{(x-l)f} = N'*’(g) in which g(t) = t^
- 2t^+ 2t + 1 = 2t + (t^ + P- 1)(P- 1) > 0 when t >1. Because f(x) > 0 when x > -1, it is
clear that g(t) > 0 when 0 < t < 1. Therefore, N''’(g) = 0, N"(f) = 0, and N(f) = 0.
16. (+ + + + + - + - +);16;0;Th.3.
17. (+ + + + -+ + -+);91;0.
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Because f(x) = x^(x^ + x + 1) + (x +l)(x^ - x +1)^ > 0 when -1 < x < <» (GPl), we see
that N''’(f) = 0. Moreover, N“(f) =N'{(x-l)f} = N^(g), in which g(t) = t^ - 2t^ - 2t^ +
2t2 + 2t + 1. We observe that g(l) = 2, g'(t) = 9t^ - lOt"^ - 8t^ + 4t + 2, and g'(l) = -3. If
t >1 then g"(t) = 8t^ + 40t^(t'^ -1) + 24t^(t^ -1) + 4 > 12. It follows from GP7 and GPl
that g(t) > 2 - 3(t -1) + 6(t -1)^ > 0 when t > 1. Hence, g(t) > 0 when t > 0 because f(x) >
0 when -1 < x < 0. Therefore, N''’(g) = 0, N"(f) = 0, and N(f) = 0.
18. (+ + + - + + + -+);18;0;Th.3.
19. (+ + - + + + + - +); 86;2.
Because f(x) = x^ + x^(x^ - x + 1) + x^(x^ + x + 0.5) + (0.5x^ - x +1) > 0 when
X > 0 (GPl), we see that N''’(f) = 0. Moreover, N"(f) =N"{(x-l)f} = N'^(g), in which g(t)
= t^ -2t^ - 2t^ + 2t^ + 2t +1. Hence, N''’(g) = 0 or 2 (GP6). Because g(0) = 1, g(2^^^) =
2^/2 _ j j g(+°°) = +0°, it follows from GP2 that N^(g) > 2. Therefore, N^(g) = 2,
N-(f) = 2, and N(f) = 2.
20. (+ + + + + -- + +); 29;0.
We observe that f(x) = x^(x^ + x + 1) + (x +l)(x'^ - x^ +1) > 0 when -1 < x, and that
f(x) = (x^ + x^ - x^)(x +1) + x(x^ + 1) + 1 > 0 when x < -1 (GPl). Therefore, N(f) = 0.
21. (+ + + + - + - ++);28;2.
Because f(x) = x^(x^ + x + 1) + x^(x^ - x + 0.5) + x(0.5x^ - x+l)+l>0 when x >
0 (GPl), we see that N''’(f) = 0. Moreover, N”(f) =N”((x-l)f}= N^(g), in which g(t) = t^
- 2t^ - 2t'^ - 2? - 2^ + 1. Hence, N‘^(g) = 0 or 2 (GP6). Because g(0) = 1, g(2l^2) =
2^^^ - 11 and g(+«>) = +«>, it follows from GP2 that N'^(g) > 2. Therefore, N'''(g) = 2,
]Sr(f) = 2, and N(f) = 2.22.(+ + + - + + - + +);26;2;*.23.(+ + - + + +- + +);23;2.
Because f(x) = x^ + x^(x^ - x + 0.5) + x^(0.5x^ + x + 0.5) + x(0.5x^ - x+l) + l>0
when X > 0 (GPl), we see that N'^(f) = 0. Moreover, N"(f) =N"{(x-l)f}= N^(g), in
which g(t) = t^ -2t^ - 2t^ - 2t^ - 2t^ + 1. Hence, N'''(g) = 0 or 2 (GP6). Because g(0) =
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1, = - 2^^^ -19 and g(+“) = +“, it follows from GP2 that N'*’(g) > 2. Therefore,
N'^(g) = 2, N-(f) = 2, and N(f) = 2.
24. (+ + + + -- + + +);27;0.
We observe that f(x) = + {x^ + x^(x -1)^ + l}(x +1) > 0 when x > -1, and that
f(x) = {x^ + x}{x^ + (x^ - x^ + 1)}+ 1 > 0 when x < -1 (GPl). Therefore, N(Q = 0.
25. (+ + + - + - + + +);25;0;Th.2.
26. (+ + - + + - + + +);22;2.
Because f(x) = x^ + (x^+ x^){x^-x+l}+x+l>0 when x > 0 (GPl), we see that
N+(f) = 0. Moreover, ]Sr(f) =N-{(x-l)f}= N'^Cg) in which g(t) = t^ - 2t^ +2t'^ + 2t^
+ 1. Hence, N^(g) = 0 or 2 (GP6). Because g(0) = 1, g(2^^^) = 2^^^ - 7 and g(+“) = +“,
it follows from GP2 that N'''(g) > 2. Therefore, N''’(g) = 2, N"(f) = 2, and N(f) = 2.
27. (+ + + -- + + + +);24;0.
28. (+ + - + - + + + +);21;2.
29. (+ + -- + + + + +);20;0.
30. (+ + + + + + - - -);121;2;Th.4.
31. (+ + + + + - + --);122;2.
We observe that f "(x) = x^(56x^ + 42x + 15) + x^(15x^ + 20x + 7) + (5x^ - 6x + 2) >
0 for all real x (GPl). It follows from GP5 that N(f) < 2. Because f(-<») = +«>, f(0) = -1,
and f(+“) = +«>, we infer from GP2 that N(f) > 2. Therefore, N(f) = 2.
32. (+ + + + - + + --); 123;2.
We observe that f "(x) = x^(56x^ + 42x + 30) + x(20x^ - 12x + 6) + 2 >0 when x > 0
(GPl). It follows from GP5 thatN^(f) < 2. Because f(0) = -1 and f(+<») = +~, we infer
from GP2 that N’*"(f) is odd. Hence, N^(f) = 1. We next observe that, when x < -1, f'"(x)
= x^(336x2 + 210x + 120) + (60x2 - 24x + 6) < -(336x2 + 210x + 120) + (60x2.24x
+ 6) = -(276x2 ^ 234x + 114) < 0 (GPl). So, the number ofzeros f'(x) has in -1) is
at most 2 (GP5). Because f'(-~) = and f'(-1) = 2, f'(x) has an odd number ofzeros in
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(-», -1) (GP2). Thus, f'(x) has exactly one zero in (-», -1). Because £(-<») = +«> and f(-l)
= -1, we infer from GP4 that f(x) has exactly one zero in (-<», -1). Moreover, f(x) = (x +
l){x^ + x^ + (x^ -1)} - x^ < 0 when - 1 < x < 0. Therefore, N"(f) = 1 and N(f) = 2.
33. (+ + + - + + + --);124;2.
We observe that f "(x) = x^(56x^ + 42x +15) + x^(15x^ - 20x + 7) + (5x^ - 6x + 2) >
0 for all real x (GPl). It follows from (GPS) that N(f) < 2. Because f(-“) = +<», f(0) = -1,
and f(+“) = +<», we infer from GP2 that N(f) > 2. Therefore, N(f) = 2.
34. (+ + - + + + + --);125;2.
We observe that f "(x) = x^(56x'^ - 30x^ +12) + x(42x^ + 20x^ + 6) + 2 >0 when
X > 0 (GPl). Hence, N‘^(f) < 2 (GPS). Because f(0) = -1 and f(«) = ~, N'^(f) is odd
(GP2). Thus, N'^(f) - 1. Moreover, ]Sr(f) = N-{(x-l)f}= N‘^(g) in which g(t) = t^ - 2X^
- 2t^ + 2t^ - 1. Therefore, N'*"(g) = 1 or 3 (GP6). Ifg had 3 positive zeros, then g' would
have at least two positive zeros (GP3). Because g '(1) = -13, g'(+”) = g"(l) “ "68,
g"(+oo) = -i-xxj^ g"'(l) = -108, g"'(+«>) = +”, GP3 and GP2 would apply to g'(t), g"(t) and
g"'(t). Thus, g'(t), g"(t) and g"'(t) would have at least three positive zeros and would
have at least two positive zeros. But GP6 implies that has exactly one positive zero.
From this contradiction we infer that g cannot have 3 positive zeros. Therefore, N'*’(g) =
l,N‘(f)= 1, andN(f) = 2.
35. (+ + + + + -- +-);78;2.
We observe that, when x > 1/2, f'(x) = (8x^ + 7x^ + 6x^ + 5x^ + 4x - 3)x^ - 2x + 1 >
(27/16)x2 - 2x + 1 > 0 (GPl). Because f(l/2) = -193/256 and f(+«.) = +<», it follows from
GP4 and Theorem 1 that hr''(f) = 1. Moreover, N”(f) = N"{(x-l)f}= {t^ - 2t'^ - 2t^
- 2t -1}= 1 (GP6). Therefore, N(f) = 2.
36. (+ + + + - + - + -);10;2.
37. (+ + + - + + - + -);75;2.
Because f(0) = -1, f(+“) = +«>, and f'(x) = x^(8x^ + 7x + 2) + x^(4x^ - 5x + 4)
+ (3x^ - 2x + 1) > 0 when x > 0 (GPl), it follows from GP4 that N''’(f) = 1. Moreover,
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isrcf) =N"{(x-i)f}=N^{t^ + 2t^ + 2t^ -2t^ - - 2t -1 }= 1 (GP6); hence N(f) = 2.
38. (+ + - + + + - + -);12;2.
39. (+ + + + -- + + -);80;2.
Because f(0) = -1, f(+<») = +“, and f'(x) = x^(8x^ + 7x + 2) + x(4x^ - 4x^ + 2)
+ (5x^ - 3x^ + 1) > 0 when x > 0 (GPl), it follows from GP4 that N^(f) = 1 • Moreover,
N-(f) = N"{(x - l)f}= N+(g), in which g(t) = t^ - 2t^ + 2p - 2t -1 = (t^ -1) - 2t^ - 2t(l
-t^)<0if0<t<l. We observe that g '(t) = 9t^ -lOt"^ + 6t^ - 2, g'(l) = 3, g"(t) = 72t^
- 40t^ + 12t > 44 when t >1. It follows from GPS that g has at most two zeros in (1, +«>),
and so N'*'(g) < 2. Because GP6 implies that isr''(g) = 1 or 3, we conclude that N'*'(g) = 1,
N-Cf) = 1, and N(f) = 2.
40. (+ + + - + - + + -);126;2.
Because f "(x) = x‘^(56x^ + 42x + 15) + x^(15x^ - 20x + 7) + (5x^ - 6x + 2) > 0 for all
real x (GPl), we see that N(f) < 2 (GPS). Because f(-“) = +<», ^0) = -1 and f(+«>) = +«>, it
follows from GP2 that N(f) > 2. Therefore, N(f) = 2.
41. (+ + - + + - + +-);84;2.
We observe that N(f) = 2 because f(x) = (x^ + x^ + l)(x^ + x -1), the first factor has
1 j'y
no real zeros (GPl), and the second factor has two real zeros, (-1 ±5''^)/2.
42. (+ + + -- + + + -);77;2.
Because f'(x) = 8x^ + x^(7x^ - 5x^ + 3) + x(6x^ - 4x^+ 2) + 1 >0 when x > 0
(GPl), it follows from GPS that N'*’(f) < 2. Because f(0) = -1 and f(+«) = +«>, it follows
from GP2 that N'^(f) is odd; hence, N'^(f) = 1. Moreover, >r(f) = N~{(x-l)f}=N^{t^
+ 2t^ - 2t'^ - 2t -1 }= 1 (GP6). Therefore, N(f) = 2.
43. (+ + - + - + ++ -);14;2.
44. (+ + -- + + + + -);82;2.
Because f(0) = -1, f(+<») = +«>, and f'(x) = x^(8x^ - 6x^ + 4) + x^(7x^ - 5x^ + 3)
+ 2x + 1 > 0 when x > 0 (GPl), it follows from GP4 that N''’(f) = 1. Moreover, N~(f) =
22
N’{(x-l)f}= N^(g), in which g(t) = - 2\J + 2t^ - 2t -1. GP6 implies that N^(g) = 1 or
3. We observe that N'''(g) < 2 (GPS), because g "(t) = 4t^(18t^ -21t^ + 10) > 0 when
t > 0 (GPl). Therefore, N+(g) = 1, N^Cf) = 1, and N(f) = 2.
45. (+ + + + + ---+);51;0.
We observe that f(x) = x^ + fj(x), where fj(x) = x^ + x^ + x^ + x^ - x^ - x^ - x +1
is the polynomial in Qy, discussed in paragraph #33 ofChapter 5. We showed there that
N(fj) = 1. Because fj(-«) = and fj(0) = 1, and N"(f2) <N(fj) we infer from GP2 that
N‘(fj) = 1. Hence, N’^Cfj) = 0 and f^(x) > 0 when x > 0. It follows that f(x) = x^ + fj(x)
> 0 when x > 0; so N'^(f) = 0. Moreover, N~(f) =N"((x-l)f}= N''’(g), in which g(t) = t^
+ 2t^ + 2t + 1 > 0 when t > 0. Therefore, N**'(g) = 0, N”(f) = 0, and N(f) = 0.
46. (+ + + + - + --+);119;2.
We observe that f(x) = x^ + x^ + x^(x^ + x -1) + (x +l)(x -1)^ >0 when x^ + x -1
> 0 and X > 0, namely when x > (5 -1)/2 = .618, and that f(x) = x^ + x^ + x^ + x^
+ x^(l - x) - (x^ + X - 1) > 0 when x^ + x -1 < 0 and x > 0. Therefore, N'^(f) = 0.
Moreover, N"(f) =N"{(x-l)f}= N'^(g), in which g(t) = t^ - 2t^ - 2t'^ - 2t^ + 2t + 1. It
follows from GP6 that N''’(g) = 0 or 2. Because g(0) = 1, g(l) = -2 and g(+°°) = +«>, it
follows from GP2 that N'^(g) > 2. Therefore, N^Cg) = 2,1^(1) = 2, and N(f) = 2.
47. (+ + + - + + - - +);54;0;*.
48. (+ + - + + + --+);! 17;2.
Because f(x) = x^ + x^(x^ - x + 1) + x^ + (x + l)(x -1)^ > 0 when x > 0 (GPl), we
see that N"''(f) = 0. Moreover, N"(f) = N”((x-l)f}= N'^(g), in which g(t) = t^ - 2t^ - 2t^
- 2t^ + 2t + 1. It follows from GP6 that N'''(g) = 0 or 2. Because g(0) = 1, g(l) = -2 and
g(+oo) = +00^ we infer from GP2 that N'^(g) > 2. Therefore, N'^(g) = 2, N‘(f) = 2, and
N(f) = 2.
49. (+ + + +— + - +);49;0.
We observe that f(x) = x^(x^ + x + 1) + x^(x + l)(x -1)^ + (1 - x) > 0 when -1 < x <
1 (GPl). Then f(x) > 0 when |xl > 1 because f(x) = x^f(-l/x). Therefore, N(f) = 0.
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50. (+ + + - + - + - +);3;0.
51. (+ + - + + - + -+);45;0.
52. (+ + + -- + + - +);52;0.
Because f(x) = + x^(x^ - x^ + 1) + x^(x‘^ - x^ + 0.5) + (0.5x^ - x + 1) > 0 when x
> 0 (GPl), we see that N''’(f) = 0. Moreover, N"(f) =N‘{(x - l)f} = N'^Cg), in which g(t)
= t^ + 2t^-2t'^ + 2t2 + 2t+l =t^ + t2(2t'^-2t^+ l) + (t^ + 2t+ l)>0whent>0
(GPl). Therefore, N+(g) = 0, N^Cf) = 0, and N(f) = 0.
53. (+ + - + - + + -+);! 15;2.
Because f(x) = x^ + x^(x^ - x + 0.5) + x^(0.5x^ - x + 1) + (x^ - x + 1) > 0 when
X > 0 (GPl), we see that N'^(f) = 0. Moreover, N"(f) =N‘{(x-l)f}= N'*'(g), in which g(t)
= t^ - - 2t^ - 2t^ - 2t'^ + 2t2 + 2t +1. Therefore, N'^(g) = 0 or 2 (GP6). Because g(0)
= 1, g(2^'^^) = -6(2^^^) - 23 and g(+”) = +<», it follows from GP2 that N‘''(g) > 2.
Therefore, N+(g) = 2, >r(f) = 2, and N(f) = 2.
54. (+ + -- + + + - +);47;0.
Because f(x) = (x^ + x^)(x'^ - x^ + 1) + (x^ - x + 1) > 0 when x >0 (GPl), we see that
N'*'(f) = 0. Moreover, N~(f) = N"((x - l)f} = N^(g), in which g(t) = t^ - 2t^ + 2t^ + 2t^
+ 2t +1 = t^(t^ - 2t^ + 2) + (2t^ + 2t + 1) > 0 when t > 0 (GPl). Therefore, N^(g) = 0,
N'(f) = 0, and N(f) = 0.
55. (+ + + + + +);64;2.
Because f(x) = x^ + x^ + (x^ - 1)^ + x^(x^ - x + 0.5) + x(0.5x^ - x + 1) > 0 when
X > 0 (GPl), we see that N^(f) = 0. Moreover, ISr(f) = N"{(x - l)f} = N'^(g), in which
g(t) = t^ - 2t^ - 2t^ +1. So N''’(g) = 0 or 2 (GP6). Because g(0) = 1, g(l) = -2 and
g(-i-oo) = +00, it follows from GP2 that N"'’(g) > 2. Therefore, N'''(g) = 2, N"(f) = 2, and
N(f) = 2.
56. (+ + + - + -- + +);63;0.
Because f(x) = (x^ - x'^ + 1) + x^ + x(x + l)(x -1)^ + x'^(x^ - x + 1) > 0 when x > 0
(GPl), we see that (f) = 0. Moreover, N*(f) = ]Sr{(x - l)f} = N''’(g), in which g(t) = t^
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+ 2t^ + 2t^ + - 2t^ +l=t^ + t\2t^ + 2t+l) + (t"^ - 2t^ + 1) > 0 when t > 0 (GPl).
Therefore, N''’(g) = 0, N”(f) = 0, and N(f) = 0.
57. (+ + - + + -- + +);60;2.
Because f(x) = + x^(x^ - x + 1) + x(x + l)(x - 1)^ + 1 > 0 when x > 0 (GPl)
we see that N^(f) = 0. Moreover, N~(f) = ]Sr{(x-l)f} = N^(g), in which g(t) = t^ - 2t^
- 2t^ + 2t^ - 2t^ + 1. Observe that g(0) = 1, g{l) = -2, g(+«>) = +“, and that g'(t) =
9t^(t^ -1) - 5t^ - 4t(3t^ - 2t^ + 1) < 0 when 0 < t < 1. We conclude that g has exactly
one zero in (0, 1) (GP4). If g had more than one zero in (1, +°°) then GP2 would imply
that g had at least three zeros and thus g' would have at least two zeros in (1, +«>) (GPS).
Because
g •(!) = -13, g'(-H») = +~, g”(l) = -52, g"(+~) = +», g"’(l) = -108 and g"'(+«>) = +“, GPS
and GP2 would imply that g'(t), g"(t) and g"'(t) would have at least three zeros in (1, +«).
But g"'(t) = 504t^ - 420^"^ - 240t^ + 48t, and GP6 implies that g"'(t) has 0 or 2 positive
zeros. From this contradiction we infer that g cannot have S zeros in (1, +«>). Hence g
has exactly 1 zero in (1, +«)). Therefore, N^(g) = 2, N"(f) = 2, and N(f) = 2.
58. (+ + + -- + - + +);62;2.
We observe that f(x) = x^(x^ - 1) + x^(x^ -1) + x^(x - l) + x+ l>0 when x >1
and that f(x) = (1 - x^) + x(l - x)+ x^(l - x) + x^ + x^+ x^ > 0 when 0 < x < 1. Hence,
N'*’(f) = 0. Moreover, N’(f) = N"{(x-l)f} = N'^(g), in which g(t) = t^ + 2t^ - 2t'^ - 2p -
2t^ + 1. It follows from GP6 that N^(g) = 0 or 2. Because g(0) = 1, g(l) = -2 and g(+°°)
+«, we infer from GP2 that N'^(g) > 2. Therefore, N'^(g) = 2, N"(f) = 2, and N(f) = 2.
59. (+ + - + - + - + -^);59;2.
Because f(x) = x® + x^(x^ - x + 0.5) + x^(x^ - x + 0.5) + x(0.5x^ - x+l)+l>0
when X > 0 (GPl) we see that N''’(f) = 0. Moreover, N”(f) =N"{(x-l)f}= N'*'(g), in
which g(t) = t^ - 2t'^ - 2t^ - 2t^ - 2t'^- 2t^ - 2t^ +1. Therefore, N'^(g) = 0 or 2 (GP6).
Because g(0) = 1, g(l) = -10 and g(-i-~) = +«, it follows from GP2 that N‘'’(g) > 2.
Therefore, N'*'(g) = 2, N'(f) = 2, and N(f) = 2.
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60. (+ + -- + + - + +);57;2.
61. (+ + + + + +);61;0.
We see that N(f) = 0 because f(x) = (x^ - x^ + 1) (x^ + x + 1) > 0 for all values ofx
(GPl).
62. (+ + - + -- + + +);58;2.
63. (+ + -- + - + + +);56;0.
64. (+ + --- + + + +);55;2.
65. (+ + + + + );100;2;Th.4.
66. (+ + + + - + );101;2.
We observe that N''’(f) = 1 or 3 (GP6). If f had 3 positive zeros, then f' would have
at least 2 positive zeros (GP3). Because f'(0) = -1 and f'(+”) = GP2 would imply
that f'(x) would have at least three positive zeros. Similarly, because f "(0) = -2 and
f"(+“) = +«>, GP2 and GP3 would imply that f "(x) would have at least three positive
zeros, and f'"(x) would have at least two positive zeros. But f'"(x) = 336x^ + 210x^
+ 120x^ + (60x^ - 24x + 6) > 0 when x > 0 (GPl). From this contradiction, we infer that
f cannot have 3 positive zeros; therefore, N'^(f) = 1. Moreover, N‘(f) = >r{(x-l)f} =
N'^{t^ - 2t^ - 2t‘^ - 2p -1}= 1. Therefore, N(f) = 2.
67. (+ + + - + + );103;2.
The analysis is identical to that in paragraph 66. In this case, however, f'"(x) = 336x^
+ 210x4 + x(120x2 - 60x + 24) + 6 > 0 when x > 0 (GPl).
68. (+ + - + + + );106;2.
The analysis is identical to that in paragraph 66. In this case, however, f'"(x) = 336x^
+ x^(210x^ - 120x + 60) + 24x + 6 > 0 for all values ofx (GPl).
69. (+ + + + -- + --);102;2*.
70. (+ + + - + - + --);104;2.
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Because f "(x) = x‘^(56x^ + 42x + 15) + x^(15x^ - 20x + 7) + (5x^ - 6x + 2) > 0 for
all values ofx (GPl), we see that N(f) < 2 (GPS). Because f(-“) = +~, f(0) = -1 and f(+“)
= +«>, it follows from GP2 that N(f) > 2. Therefore, N(f) = 2.
71. (+ + - + +- + --);107;2.
Because f "(x) = 56x^ + x^(42x^ - 30x + 20) + (12x^ - 6x + 2) > 0 when x > 0 (GPl),
we see that N''’(f) < 2 (GPS). Because f(0) = -1 and f(+<») = +«>, it follows from GP2 that
N'^(f) is odd and so N'^(f) = 1. Moreover, N"(f) =N"{(x-l)f} = N'*’(g), in which g(t) = t^
- 2t'^ - 2t^ + 2t'^ + 2t^ +2t^-l and g’(t) = 9t^ - 14t^ - 12t^ + 8t^ + 6i^ + 4t. Because
g'(0+) = 0+, g'(l-3) = -5.79872111 and g'(+«’) = it follows from GP2 and GP6 that
N'*’(g') = 2. Therefore, g'(t) has exactly one zero on (0, 1.3). Because g(0) = -1, and
g(1.3) = 0.887377973, it follows from GP4 that g has exactly one zero on (0, 1.3). We
observe that g"(t) = 72t^ - 84t^ - 48p + 24t^ + 12t + 4 > 28.6972024 when t > 1.3. Then
GP7 and GPl imply that g(t) > 0.887377973 - 5.7987211 l(t - 1.3) + 14.3486012(t -1.3)2
> 0 when t > 1.3. Therefore, N''’(g) = 1, N”(Q = 1, and N(f) = 2.
72. (+ + + -- + + --);105;2.
Because f "(x) = 56x^ + x(42x^ - 20x2 + g) + (30x^ - 12x2 + 2) > 0 when x > 0
(GPl), we see that N'''(f) < 2 (GPS). Because f(0) = -1 and f(+«>) = +«>, it follows from
GP2 that N'*’(f) is odd; hence, N'^(f) = 1. Moreover, N"(f) = ]sr((x-l)f} = N''’(g), in
which g(t) = t^ + 2t^ - 2t^ + 2t2 - 1. Because g(0) = -1, g(+<») = +^, and g'(t) = 9t* +
4t(3t^ - 2t2 + 1) > 0 when t > 0 (GPl), we infer that N'^(g) = 1 (GP4). Therefore, >r(f) =
1 andN(f) = 2.
73. (+ + - + - + + --);108;2.
Because f "(x) = 56x^ + x^(42x2 - 30x + 8) + x(12x2 - 12x + 6) + 2 > 0 when x > 0
(GPl), we see that N^(f) < 2 (GPS). Because f(0) = -1 and !(+<») = +«, it follows from
GP2 that N'*"(f) is odd; hence, N^(f) = 1. Moreover, N"(f) =N"{(x-l)f} = N^(g), in
which g(t) = t^ - 2t2 - 2t^ - 2t^ - 2t'^ + 2t2 -1. We observe that g(t) = t2(t2 - 2) - 2t^
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- 2t^ - (21^^ - 21^ + 1) < 0 when 0 < t < 2^''^ (GPl). Moreover, g{2^''^) = - 21 - 8(2^/^)^
g(4-) = 4-, g'(2l/2) = .g . 50(21/2)^ g.(+<„) = g"(2l/2) = .284 + 160(21/2), g-(4«) =
+», and g"’(t) = 504t^ - 420t'l - 2401^ - 120t2 - 48t > 528(4 - 2^/2) when t >21/2. Ifwe
apply GP4 three times, to g"(t), g'(t) and g(t), we conclude that g has exactly one zero on
(21/2, Therefore, N'*'(g) = 1, N"(f) = 1, and N(f) = 2.
74. (+ + -- + + + --);109;2.
Because f "(x) = x2(56x'^ - 30x + 12) + x(42x^ - 20x2 g) > q ^^gn x > 0 (GPl), we
see that N'*’(f) < 2 (GPS). Because f(0) = -1 and f(-i-a>) = +«, it follows from GP2 that
N‘''(f) is odd; hence, N'*’(f) = 1. Moreover, N"(f) = N~{(x-l)f} = N''’(g), in which g(t) =
t^ - if + 2t^ + 2t2 - 1. Because g ”(t) = t2(72t'^ - 84t2 + 40) + 4 > 0 when t > 0 (GPl),
it follows from GPS that N''’(g) < 2. Because g(0) = -1 and g(+°°) = +”, it follows from
GP2 that N'*'(g) is odd. Therefore, N''’(g) = 1, N"(f) = 1, and N(f) = 2.
75. (+ + + H- - - - + -);37;2.
76. (+ + + - + -- + -);! 10;2.
Because that f(l'^)(x) = 24{x2(70x2 + 35x + 7) + 8x2 - 5x + 1)} > 0 for all values of x
(GPl), we see that N(f") < 2 (GPS). Because f"(-“) = +<», f "(0) = -2 and f "(+<») = +«, it
foUows from GP2 thatN(f") = 2 and that N^(f") = 1. Because f'(1/2) = -13/64, f'(+oo) =
+«>, f(l/2) = -209/256 and f(+«>) = +<», two applications ofGP4, and Theorem 1, imply
that N'^(f) = 1. Moreover, N-(f) =N’{(x-l)f}= N'^{t^ + 2t^ + 2t^ + 2t'l - 2t2 - 2t - 1 }= 1
(GP6). Therefore, N(f) = 2.
77. (+ + - + + -- + -);42;2.
78. (+ + + -- + - + -);35;2.
79. (+ + - + - + - + -);2;2.
80. (+ + -- + + - + -);39;2.
81. (+ + + --- + + -);! 12;2.
We observe that f(l/2) = -113/256, f'(1/2) = 51/64, f "(1/2) = -39/16, and that
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f "'(x) = x^(336x^ + 210x + 120) - (60x2 + 24x + 6) > 45/8 when x > 1/2. We infer from
GP7 and GPl that f’(x) > (51 - 156(t - 1/2) + 180( t - l/2)2}/64 > 0 when t > 1/2. It
follows from GP4 that fhas exactly one zero on (1/2, +«°). By virtue ofTheorem 1, f has
no zeros on (0, 1/2). Therefore, N''’(f) = 1. Moreover, N"(f) =N”{(x-l)f} = N''’{t^ + 2t^
+ 2t^ - 2t -1 }= 1 (GP6). Therefore, N"(f) = 1 and N(f) = 2.
82. (+ + - + - - + + -);44;2.
83. (+ + -- + - + + -);! 14;2.
We observe that f(l/2) = -89/256, f'(1/2) = 91/64, f "(1/2) = -3/16, f'"(1/2) = -3/8, and
that f^*''\x) = 1680x^ + 840x^ - 360x2 .i20x + 24 > 84 when x > 1/2. By virtue of GP7,
f'(x) > {91 - 12(x - 1/2) - 12(x - 1/2)2}/64 > 0 when x > 1/2; hence f'(x) >46/64 when
1/2 < X < 2. It now follows from GP4 and Theorem 1 that N'''(f) = 1. Moreover,
N-(f) =N-{(x-l)f} = N+(g), in which g(t) = t^ - ix' + 2t^ + 2t'^ + 2p - 2t -1. Because
g "(t) = t^(72t^ - 84t2 + 26) + t(14t2 + 24t2 + 12) > 0 when t > 0 (GPl), it follows from
GP5 that N'*'(g) < 2. Because g(0) = -1 and g(+“) = +°°, it follows from GP2 that >r'’(g)
is odd. Therefore, N'*'(g) = 1, ISr(f) = 1, and N(f) = 2.
84. (+ + --- + + + -);41;2.
85. (+ + + + +);92;2.
We observe that N"(f) = 0, because f(x) = x(x - l)(x^ + x2 + x+ l)2 + l>0 when
X < 0. By virtue of GP6, N+(f) = 0 or 2. Because f(0) = 1, f(0.7) = - 0.34737869 and
f(-i-oo) = -1-00, we see that N''’(f) > 2 (GP2). Therefore, N'''(f) = 2 and N(f) = 2.
86. (H-H-H-.-f----(-); 19;2.
87. (-t- -I- - -i- -f - - - +);87;4.
We observe that f(x) = (x^ -f- x^ - l)(x2 -i- x -1), and that each factor obviously has
exactly two real zeros. Therefore, N(f) = 4.
88. (-t-4--f----t-- --(-);94;2.
We observe that f(l/2) = 79/256, f(-h») = -Hx., f'(1/2) = -109/64, f'(-H») = -hx,,
f "(1/2) = -7/16, f "(-H«)) = -Hx,, and that f "'(x) = 336x^ -f 18x'^ + 24x(8x^ -1) -h 60 x2(2x
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-1) + 6 > 0 when x > 1/2. Two applications of GP4 show that both f'(x) and f "(x) have
exactly one zero in (1/2, +«>). We infer from GPS that f(x) has at most two zeros in (1/2,
+~), and then from Theorem 1 thatN^(f) < 2. Because f(0.8) = -0.02564864, GP2
implies that N‘^(f) > 2; hence N''’(f) = 2. Moreover, f(x) = f2(x) - f2(x), in which fj(x) =
x^ + x^ + x^ + x^ + x^ + x^ + x^ + X + 1 and f2(x) = 2x(x + l)^(x^ - x +1). We next
infer from GPl that f2(x) < 0 when x < 0, and from Theorem 3 that fj(x) > 0 for aU values
of X. Therefore, ISr(f) = 0 and N(f) = 2.
89. (+ + - + - + - - +);127;2.
Because f(-«>) = +oo^ f(-l) = -3 and f(0) = 1, it follows from GP2 that N“(f) > 2. Then
GP6 shows that N"(f) = 2. Suppose that xq = (5^^^ - 1)/2 = 0.6180339887, so that xq is
the positive zero of the polynomial x^ + x -1. It follows from the identity, f(x) = (x^ - x^
- l)(x^ + X - 1) + 2x^, that f(x) > 0 when 0 < x < xq. We next find that f(xQ) =
0.180339887, f'(xq) = -1.180339887 and f "(xq) = 4.376941013. Moreover, f'"(x) =
x^(336x^ + 210x - 120) + x(60x - 24) + 6 > 69x^ + 6x + 6 > 0 when x > 1/2. Therefore,
GP7 impUes that f(x) > 0.180339887 -1.180339887(x - Xq) + 2.188470506(x - Xq)^ when
X > Xq. Then GPl shows that f(x) > 0 when x > xq. We conclude that N''’(f) = 0, and that
N(f) = 2.
90. (+ + -- + + -- +);90;0.
Because f(x) = x^ + (x^ + l)(x + l)(x -1)^ > 0 when x > 0 (GPl), we see that N''’(f) =
0. Moreover, f(x) = x^ f(-l/x), so that N"(f) = 0 also, and N(f) = 0.
91. (+ + + -.- + .+);17;0.
92. (+ + - + - - + - +);85;2.
93. (+ + -- + - + -+);15;0.
94. (+ + --- + + - +);88;2.
95. (+ + + + +);99;0.
We observe that f(x) = x^ + (x^ + l)(x - l)^(x + 1)^ > 0 when x > -1, and that f(x) =
(x2 - + X + 2) + x(x -1)}+ 1 > 0 when x < -1 (GPl). Therefore, N(f) = 0.
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96. (+ + - + - - - + +);98;2.
We observe that f(x) = x(x - l){x^(x^ + 2x^ + x + 2) + (x + l)(x - 1)}+ 1 > 0 when x
> 1. Also, f(x) = x^ + (x - l){x'^(x^ + 1) - (x + 1)^} > 0, when 0 < x < 1. Therefore,
N'*’(f) = 0. Moreover, N”(f) =N"{(x-l)f}= N'^(g), in which g(t) = t^ - 2t^ - 2t^ - 2t^
- 2t^ + 1. Therefore, N'*’(g) = 0 or 2 (GP6). Because g(0) = 1, g(l) = -6 and g(-l-«>) = +«>,
it follows from GP2 that N^Cg) > 2. Therefore, N^(g) = 2, N'(f) = 2, and N(f) = 2.
97. (+ + -- + - - + +);97;0.
We observe that f(x) = (x - l)^(x + l)^(x‘^ + x^ + x^ + x + 1) + x"^ > 0 for all values
of X (Th. 3). Therefore, N(f) = 0.
98. (+ + --- + - + +);96;2.
99. (+ + + + +);95;0.100.(+ + + + );65;2.101.(+ + + - + );66;2.102.(+ + - + + );69;2.
It follows from GP6 that N'*’(f) = 1 or 3. If N'''(f) = 3, then GP2 and GP3, combined
with the facts that f'(0) = -1, f'(+”) ~ f "(0) = -2, f"(+“) = f "'(0) = -6 and f'"(+«)
= 4-00^ would imply that f'(x), f "(x) and f'"(x) would have at least three positive zeros and
that would have at least two positive zeros. But = IbSOx"^ + x(840x^
- 360x + 120) + 24 > 0 when x > 0 (GPl). From this contradiction, we infer that N^(f) =
1. Also, we observe that f(-l) = -1, f'(-1) = 4, f "(-1) = -20, f "'(-1) = 24 and f (-») = +<»,
f'(-«>) = -<», f"(°°) = +“ and f'"(-») = -oo. Moreover, = 120(x + l)(14x^ - 7x^
+ 4x - 3) + 384 > 0 when X < -1. Four applications ofGP4 show that f(x) has exactly one
zero in (-<», -1). We finally observe that f(x) = (x + l){x^ - x^(l - x^) - 1}- x^ < 0 when
-1 < X < 0. Therefore, N"(f) = 1 and N(f) = 2.103.(+ + + -- + ---);67;2.104.(-i- + - + - + ---);70;2.105.(+ + -- + -t----);72;2.
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106.(+ + + + - -);68;2.107.(+ + - + -- + --);71;2.108.(+ + . -);73;2.109.(+ + --- + + --);74;2.110.(+ + + + -);76;2.111.(+ + - + --- + -);13;2.112.(+ + -- + -- + -);81;2.113.(+ + --- + - + .);11;2.114.(+ + + + -);83;2115.(+ + + +);53;2.116.(+ + - + +);116;4.
We observe that N"(f) = N"{(x-l)f}= N'^(g), in which g(t) = t^ - 2t^ - 2t^ - 2t^ + 2t
+ 1. Therefore, N^(g) = 0 or 2 (GP6). Because g(0) = 1, g(l) = -2 and g(<») = <», it
follows from GP2 that N''’(g) > 2. Therefore, N'*’(g) = 2 = 1^(0. Moreover, f(x) =
x^f(-l/x), so that N'*’(f) = N”(f) = 2. Therefore, N(f) = 4.117.(+ + -- + ---+);48;2.118.(+ + --- + -.+);118;4.
We observe that f(x) = (x^ - x^ - l)(x^ + x -1), and that each factor has exactly two
real zeros. Therefore, N(f) = 4.119.(+ + + -+);46;2.120.(+ + + + );120;4.
Because f(0) = l,f(l) = -l and f(+«>) = +«>, if follows from GP2 that N''’(Q > 2. We
infer from GP6 that N‘''(f) < 2; hence, 14^(0 = 2. Moreover, f(-®) = «>, f(-l) = -1, f=
-CO, f’(-1) = 4, f "(-co) = +CO, f "(-1) = - 4, and f'"(x) = (x + l)(336x^ - 126x3 + .
42)- 48 < 0 when x < -1. Three applications ofGP4 show that f "(x), f'(x) and f(x) have
exactly one zero in (-«>, -1). Then f(x) has exactly one zero in (-1, 0) also, because f(x) =
x^f(l/x). Therefore, N"(f) = 2 andN(f) = 4.
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121.(+ + + );30;2.122.(+ + - + );31;2.123.(+ + - - + );32;2.124.(+ + -);33;2.125.(+ + + --);34;2.126.(+ + + -);40;2.127.(+ + +);89;2.128.(+ + );9;2.
TABLE 4
Distribution of the Number of
Real Zeros When n = 8
Number of Real Number ofPolynomials






Thus, vg = 103/64 = 1.609375 and Og = 3599^^2 /54 = 0.937370.
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